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ABSTRACT

Quantum description of the molecular dynamics under laser excitation of electronic transitions is reduced to an
equivalent classical form. This classical treatment is applied to the molecular dynamics problem and some specific
results for one-dimensional case are demonstrated. Absorption probability and laser induced quantum coordinate
displacement spectra are calculated.

1. INTRODUCTION

Classical MD methods!:2 are in the evident contradiction with the quantum peculiarity of laser molecule exci-
tation. Quantum methods are necessary for description of the initial stage of excitation. If the first stage of the
excitation and further evolution can be described separately, classical MD-analyses of further evolution can be em-
ployed (Fig. 1). It has been also demonstrated that laser pulse in a two-level electronic molecular system excites
essentially delocalized rovibronic states only if pulse duration is not extremely short.> A good number of calcula-
tions of excited states have been produced in a fully quantum manner by computation of the wave functions. This
approach however is good only for small molecules and is not effective for multi-atomic molecules which are also of
great interest now for example, for biomacromolecules such as rhodopsin, bacteriorhodopsin,* stilbene.®

In this work we present a partially analytical way of calculating of excited states characteristics of harmonic
systems. The Gaussian operator form technique® is used for the representation of quantum dynamics as oscillations
of classical coordinate-momentum pair X = (z, p). Thus we have classical concept that is completely adequate to
the quantum description and it can put in accordance the quantum and classical concepts.

2. BASIC FORMULAE

Excited state can be described by the formula of the first order perturbation theory respective to the laser field
for the quantum density matrix of the upper electronic state |2):

O d ? * —ib — ~ i§ -
=1 // dry dr B (r) Ef (r2)e = 02( = 8) g (r)efoalt = 9), (1)

where 7 =13 — 1, s = (72 + 11)/2, EL(7%) is a complex wave function of the laser field with amplitude Er, di2 is
an electronic transition dipole moment, h is the Plank constant;

o(r) = e—i027/2 GO T/2T (ib1T/2 o —iboT/2 @)

is generalized density matrix of the vibronic state that excited at a medium moment s starting from the ground

electronic state |1) and then being formed during time interval 7 by combining dynamics of the both terms 1), 12);
p7, is initial ground equilibrium state with a temperature T

b1,2= [pTm™1p/2 4 Uy, 2(2)] /R (3)
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. Fig. 1.) Stages of MD calculations of molecule dynamics under electronic excitation by laser pulse (wr is a laser
requency).
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are molecular terms energy operators in frequency units. Due to the harmonicity of both terms expression (2)
determines the generalized Gaussian density matrix (see below) and so the correspondent state can be classicaly
interpreted as a result of oscillations of the classical coordinates z and momenta p, initially uncertained because
of vacuum and temperature fluctuations given by the Plank formula. Any characteristics of this state may be
represented analytically by proper matrix expressions using the frequency and mass matrices for the both molecular

terms. In this article we present only calculations of average values of density matrix (2) itself and coordinate-
momentum pair z, p.

In expression (1) the transformation ¢~102(t — 8) determines the free evolution of the upper state by the time
t — s. This evolution is nothing but classical harmonic oscillations of the upper term only. It may be omitted if
the final result depends on the evolution at time intervals, much greater than a laser pulse duration 7,. Sometimes
it is possible for a certain class of problems studied by MD such as isomerization. For the purpose of absorption

spectrum calculations it is always possible because of the conservation of the excited state probability at short times
t~T1p.
P

In these cases the subject of interest is the effective density matrix

R dyof? .l -
#% = 1%L [[ dn anau(n) B ()t @

It is initial density matrix for MD problems connected with the excited state. It is the integral of Gaussian generalized
density matrix pJ,(7) if the ground state is Gaussian. It differs mainly from the ground state by average values of
coordinates z, # z1 due to the photon energy excess hwr — (Uz — Uy), where U, 5 is calculated for & = z; (the
potential energy minimum point of the ground state). So, the full set of the p3,-matrix characteristic parameters
are:

P(wr) — quantum transition probability to the excited state |2);

Az(t) — instantaneous mean displacement of X;

X, = (24, pq) — average value of X over pulse duration;

K(r) = ({(XiX; - X; X;)IT) — instantaneous correlation matrix corresponding to $3,(7);

K — average correlation matrix, produced as a result of averaging K(7);

K — full correlation matrix including fluctuations of displacements, K = K + (Az(7)Az(7)).

Using these data one can assosiate exact MD analyses of molecules excited by a laser pulse. It is useful to note
that in contrast to real density matrix psz, the effective one p3, is not the eigen state for Hamiltonian % /8, even for
the stationary conditions at the exact resonance (as in Ref. 3). Somehow it not worth while marking specially the
stationary states of the excited level in case of short picosecond pulses.

3. RESULTING FORMULAE

Calculating the value T'rp3, for t 3> 7, we obtain the following expression for transition probability

P(wr) = (Q2/4) / dr fo(7) exp {ilwr — (62 — 61)]7} x(7), (5)

where Q = Ef dys is the Rabi frequency; fp(7) = [ dsup(s — 7/2) up(s + 7/2) is the autocorrelation function of
complex normalized amplitude up; 6;, 62 are calculated in the point z;.

det [sinh (;{%) (shi shz)_l]
det/2(cthy /w; + cthy/w,) det'/(cthyw; + cthaws)

1
X exp {_ﬁ (z2 — :c:l)Trnl/2 (cthy /w1 + cthz/wg)“1 m!/? (22— 1:1)} (6)

x(7) =
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is a generalized function of transition probability for time ¢ while photon excitation of upper term |2) is being
formed, z; — energy minimum point of the term |2), m is 3N x 3N-mass-matrix if the considered system is N-
atomic molecule;!

shy = sinh [w; (A/kT —i7)/2], sha = sinh (iws7/2), chy = cosh (iw,7/2),
cthy = coth [wy(f/kT —i7)/2], cthy = coth (iw,7/2)

are complex or pure imaginary expressions with w;, ws — frequency matrices for terms |1), |2) (for dissociative term
|2) wa is imaginary) and k is the Boltzman constant.

This generalized probability is not actually positive despite the classical character of initial vibrational state
(Azyac ~ 0.1;1) because of actually quantum interaction with the electron states, but it is definitely positive as
an operator kernel and its Fourier transformation is always positive. These resulting formulae give the exact one-
photon expression and include vacuum shifts due to vacuum term energies fiw; /2, fiws/2 in contrast to a semiclassical
statistical approach including only the exponential factor of Eq. (6).

For average z-coordinate we have:

T,=z,+ /p(r) Az(r)dr/P(wr), (7
where p(7) is time density of P(wr) (see Eq. (5));
Az(r) = —=m~Y%w5 'shy  (cthy fwy + cthy/w) " m'/%(zy — z,) (8)

is the displacement at the moment 7 respectively to z;. For average momenta we have p, = 0. Instantaneous
correlation matrix K () is given by the following expression:

K = (450 k()

where

h
K..(1) = -é-m'llz(cthl/wlwgshg + Chz)-l(Shz/W2 + cth; fw; chg)m'llz, (9)

h
Kpp(1) = -2—m1/2(cth1w1/wgsh2 + chg)'l(shng + cthjw;chy) m'/2. (10)

Egs. (7)=(10) describe the superposition of the quantum initial fluctuations and the free classical vibrations in the
ground state |1) with the following classical vibrations in upper state [2). Using these formulae we can calculate all

characteristics of generalized density matrix (2) as for Gaussian case they all can be expressed by resulting Az(r)
and K(7).

In one-dimensional case the mean values z4, K for distribution (4) may be easily expressed by the combinations

of values P(wr % nw; + lw,) due to the periodicity of the corresponding time dependencies. For the case T'= 0 and
w1 = wy = w after integration over time we have

P(wr) — P(wg — w/2)'

T, -z = (22— 1) Plwr) (11)

1Zero subspaces due to the conservation of transitional and rotational integrals must be excluded but corresponding spectrum effects
can also be taken into account after adding proper terms.
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This expression gives zero displacement for frequencies wr ~ wmax + w/4 and infinite one for zero absorption. For
the correlation matrix at T = 0 we have the following expression:

Ker = Gl Yo k(o) HE =P o), o)
Koy = g mn 3 b nfon) "=, 0

where ki, is the Fourier-coefficients for periodic function f(7) = (14w /waths) (14+w2/withe)™1,  thy = th (iws 7/2),
and k;, — for function 1/f(7). The corresponding instantaneous fluctuations K, (7), Kpp(7) are vacuum ones
but they do not correspond to the vacuum state of term |2). They are oscillating in a complex region with the
values 1/(2mw;), hmw /2 at 7 = 0 and Aw;/(2mw?), Aimw3/(2mw;) at 7 = m/we; minimum of the Heisenberg
uncertainty conserved but the proper states in a general case are squeezed. These latter equations are valid only
for zero temperature, for which the initial states before excitation are illustrated by Fig. 2a. For T # 0 we
can simplify the interpretation of the phenomenon using the representation of T-fluctuations as a result of random
displacements of vacuum state (see Fig. 2b). So, in the following operator equations we must use representation p7, =
[ pr(X)Uxp}Ux' dX with the Gaussian distribution of temperature fluctuation pr(X) and shift transformation

Ux.
The described formulae are the corollary of the the well-known composition rule for operators X and Gaussian
exponents:
Xe—XTQX _ eche-)‘rTerj(,
where X is a vector set of operators X; with scalar commutator

C = (X,‘Xj - XJX,)

For N-atomic molAecules X is a 6N-vector and Q, C are 6N x 6 N-matrices in a vector space of phase coordinates X.
For AX(1) = TrX p3,(7)/x(7) — X1. Let us represent p3, as follows:

p2(7) = Ua(m)U1(7)p1, Ur (7)Ua(7),

where Uy, U,, p¥, are the Gaussian operator forms. Using the above commutation rule we deduce the middle-stage
equation with appropriate quadratic form matrices Q;, @2 corresponding to electronic terms |1), |2):

AX(7) = (€2CQ2 %01 £20Q2 1)_l (€36Q2£%0Q1 1 1) (€792 - 1) (X5 — X4).
After some proper transformations we obtain Egs. (6), (7) and get the expression
K(r) = %(ecql €200 _ ¢=C@1 =20@2) 7! (,€1 (20Qs | (~OQi ¢~20Qa) ¢,
To calculate the absorption probability we can use the following’expression:
x(r) = Tre~(X-a)T Qa(X-a) L~ XT Q,X’

with corresponding a, @Q;, Q2. Using also characteristic function technique® we obtain Eq. (5) if in addition to
the above we take into account the impossibility to represent the normalization constants as a modula. Using also
the technique of Wigner representation we can also get the analytical or computer usable representation of density
matrix p3, itself. However, it needs using a good number cf rather complicated but routine-like transformations of
quadratic forms. At the same time many real calculations may be performed without using this representation.
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Fig. 2. The structure of the vibronic distribution of ground state: (a) — vacuum state (T = 0),
(b) — temperature equilibrium state (T # 0).
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4. COMPUTER SIMULATION AND DISCUSSION

In this work we have analyzed the excitation of a one-dimensional harmonic system with two different harmonic
terms as a simple model of a real molecule. Calculations for real multi-atomic molecules do not require any special
methods and are in progress now. Figures 3-6 show typical spectra of absorption probability in comparison with
the same ones for the electronically equal two-level atom and the spectra of z-coordinate displacement for the
Gaussian pulse with 7, = 0.5 ps; electronic transition frequency w;2 = 10'® s~!; mass parameter m = 1.4 x 1023 g;
vibronic frequency for the ground state w; = 1013 s=! and for the excited state wy, = 1013, 3 x 1013, 5 x 10!3 s~1;
temperatures T = 0, 300 K; terms displacements z5 — z; = 0, 0.3A.

We can see the following properties of spectra on Figs. 3-6:

— the partially resolved satellite structure of spectra; quantum vacuum shift (wp —w1)/2 (w2 = 5 x 10'3s~1) and
vibronic resonances on additional frequencies +nw, for z; — z; = 0 at T'= 0 K (Fig. 3);

— the Condon frequency shift for zo — z; = 0.3 A (Figs. 4, 5, 6);
— the vanishing of resonances at the frequencies below the electronic resonance for the value of nw; at w; = ws
and T = 0 (Fig. 4);

— simmetrization of spectral lines at the above frequencies at temperature T = 300 K (Fig. 6).

The formation of the probability of the electronic transition is reversible because of the absence of statistical
averaging (the entropy of vacuum state is equal to zero). So, we can see the vibronic resonances not only above the
electronic one. This is connected with the finite duration of laser pulse. The coordinate displacement z, which is
proportional to z; — z; shows the large maxima at the points of minimum absorption.

The above mentioned rule of zero displacement (see Eq. (11) and the text below) is confirmed by Figs. 4-6.
For the laser frequencies below the resonance relation z, > 0 is more typical and at the laser frequencies above the
resonance we have z, < 0 (Fig. 4). It is correlated with the main direction of coordinate shift on the potential
surface due to the excess of the photon energy (see Fig. 1). In the region of meaningful absorption (Figs. 4, 6).
the typical value of the displacement Az(7) is about |z — z;|. But it can be infinitely large in the regions of weak
absorption (Fig. 5).

For one-dimensional system the computation of one spectral curve on the personal computer IBM PS/2-50 takes
about 1 minute. In many-dimensional systems there are two extremely different cases: commuting (w; we — wow:
= 0) and non-commuting frequency matrices. For the first one, the calculations based on Eq. (5) do not require
independent spectral analyses for different 7 because of simultaneous diagonalization of the both matrices w;, ws.
So, the number of operations increases in 3N times for the first case and in 3N x 3N times for the second one.

Therefore, for multi-atomic molecules with terms differing only in displacement 25 — z,, the calculations described
above are really realized by modern computers. There exist a general class of molecules with the commuting frequency
matrices of electronic terms. It is represented by molecules with terms differing not only in displacement but in
additional scaling transformation z’ — 2 = a(z — z;) as well. It means that the values of force constants for the
both terms are proportional. Sometimes it can be accepted as a good approximation.

5. CONCLUSION

The methods presented in this article based on analytical and classical approach and further computer simulation
are applicable for MD analyses of laser excited multi-atomic molecules.
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Fig. 3. Probability of absorption and coordinate displacement spectra for one-dimensional case: zo — z; = 0,
T =0, ws =5 x 103 s~1. Solid line: results for coordinate displacement. Dashed line: results for probability of
absorption of molecule. Dash-dott line: results for probability of absorption of two-level atom.

Fig. 4. Probability of absorption and coordinate displacement spectra for one-dimensional case: z3 — z; = 0.3,
T =0, wy =1x10!3 s~1. Solid line: results for coordinate displacement. Dashed line: results for probability of
absorption of molecule. Dash-dott line: results for probability of absorption of two-level atom.
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Fig. 5. Probability of ‘absorption and coordinate displacement spectra for one-dimensional case: x5 — z; = 0.3,
T=0, wy = 3 x 10 s7%. Solid line: results for coordinate displacement. Dashed line: results for probability of
absorption of molecule. Dash-dott line: results for probability of absorption of two-level atom.

Fig. 6. Probability of absorption and coordinate displacement spectra for one-dimensional case: z3 — z; = 0.3,

T = 309, w =3 x 10" 571, Solid line: results for coordinate displacement. Dashed line: results for probability of
absorption of molecule. Dash-dott line: results for probability of absorption of two-level atom.
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